Abstract. We study the situation of a finite group G having a subgroup H with the property that each of its nonprincipal irreducible (complex) characters induce to G as a sum of irreducible characters all having the same degree. When this happens, the subgroup H either contains, or is contained in, the commutator subgroup G
Introduction
All groups considered in this paper are finite, and all characters are characters of representations over the complex numbers. A standard reference text for this material is the text [7] by Isaacs. The notation that we use throughout this paper is hopefully standard, and follows that used in Isaacs' text. For example Irr.G/ denotes the set of irreducible characters of the group G. When N is a normal subgroup of G, we identify characters of G=N with characters of G having kernel containing N . In particular, we view Irr.G=N / as a subset of Irr.G/.
The situation that we study here is encoded in the following hypothesis.
Hypothesis ( ).
The subgroup H is a subgroup of G and every nonprincipal character of H induces to G to a sum of characters all of the same degree.
When Hypothesis ( ) holds for the subgroup H of G, we say that the pair .G; H / satisfies Hypothesis ( ), or that H has property ( ) in G.
The above hypothesis holds trivially for H D G, and it holds vacuously when H D 1. It is also easy to verify that if N is any normal subgroup, and if .G; H / satisfies Hypothesis ( ), then so does .G=N; HN=N /.
The main results of this paper are Theorems A and B below.
Theorem A. If H is a proper subgroup of the group G satisfying property ( ), then H is included in a proper normal subgroup of G. Moreover, the normal closure H G of H in G (which is necessarily proper in G) also satisfies property ( ) in G.
It turns out, as will be seen in the next section, the commutator subgroup G 0 of G behaves like a "bottleneck" for property ( ): any subgroup having this property either includes G 0 or is included in G 0 . Because of this, Theorem A really has strength only when G is a perfect group (G D G 0 ). Moreover, since any subgroup H containing G 0 automatically has property ( ) in G (a fact also proved in the next section), nothing can be expected concerning the structure of H . The situation is different when H is included properly in G 0 .
Theorem B. Let .G; H / satisfy property ( ) and assume that the normal closure H G of H is a proper subgroup of the commutator subgroup G 0 of G. Then H is solvable.
It seems reasonable to expect that more can be said about the structure of the (solvable) subgroup H appearing in Theorem B, perhaps even a classification, but we are unable to characterize such groups here. However, we do show in the last section that if K is any finite nilpotent group, then there exists an embedding of K into a nilpotent group H where H occurs as a normal subgroup of a group G in which H < G 0 and H has property ( ) in G. Therefore, even for nilpotent H , there can be no bound on the derived length or nilpotence class of H ; the structure of H can be "arbitrarily complicated".
Nonnilpotent examples of subgroups H satisfying Theorem B exist, and we present a family of these in the last section as well.
Proof. Let˛be a nonprincipal irreducible character of H , and choose a subgroup K of G as large as possible containing H so that˛extends to a character, sayˇ2 Irr.K/. Notice that˛K
Sinceˇextends to a character of the subgroup hK; gi for any g in the inertia group ofˇ, it follows that K must be the inertia group ofˇandˇG is irreducible by Clifford's theorem. As G=H is abelian, we may extend each 2 Irr.K=H / 301 to b 2 Irr.G=H /, say. Then
Clearly, this is a sum of irreducible characters each of degree jG W Kj˛.1/.
The next result establishes the "bottleneck" property of the commutator subgroup, as mentioned in the introduction. Proposition 2.2. Let the pair .G; H / satisfy Hypothesis ( ). Then either Proof. If 1j hH;Ki 6 D Â 2 Irr.hH; Ki/, then either H or K is not included in the kernel of Â (possibly both). We may assume H 6 Â ker Â. If˛is a nonprincipal constituent of Âj H , then Hypothesis ( ) guarantees that˛G is a sum of irreducible characters all of the same degree. Since Â is a constituent of˛h H;Ki by reciprocity, Â G is a subcharacter of .˛h H;Ki / G D˛G and so Â G has this property as well.
Since subgroups of G satisfying property ( ) are clearly closed under conjugation, the following are immediate corollaries of the proposition above. 
Simple groups and simple homomorphic images
The main goal of this section is Theorem 3.5 below, which asserts that no nontrivial proper subgroup of any simple group can satisfy property ( ). The main results of this section follow from this fact, as does Theorem A. Lemma 3.1. Let .G; H / satisfy Hypothesis ( ). If H is supplemented by a proper normal subgroup, then G 0 Ä H . In particular, any nonnormal subgroup of G satisfying property ( ) cannot be supplemented by a proper normal subgroup.
Proof. Assume H has property ( ) in G and that N E G exists with N 6 D G and NH D G. Clearly, N may be replaced by a maximal normal subgroup which includes N , and so we may assume that G=N Š H=.H \ N / is a simple group. Let Â be a nonprincipal irreducible character of H=.H \ N /. By simplicity of the factor group we have ker Â D H \ N and notice that Â extends to G. Since we are assuming that H has property ( ) in G, all the irreducible constituents of Â G are extensions of Â, and we have .
x/ and by the formula for induced characters, every G-conjugate of x lies in H . Let V be the subgroup generated by all such elements (so that V is the "vanishing-off subgroup" of Â ). Then H \ N D ker Â < V Ä H and V E G. By simplicity of the factor group H=.H \ N / we have H D V so that H E G. We also know that all the constituents of Â G are extensions of Â and it follows that G=H is abelian by Gallagher's theorem ( [7, Corollary 6 .17]). The rest of the lemma now follows.
If H is a subgroup of the group G, let k G .H / denote the number of conjugacy classes of G which intersect H nontrivially. As is standard, let cd.G/ denote the set of irreducible character degrees of G. Proof. Let k D k G .H / and assume jcd.G/j > k C 1. Then there exist k C 1 nonprincipal irreducible characters of G having distinct degrees, say 1 ; : : : ; kC1 . The functions 1 j H ; : : : ; kC1 j H must be linearly dependent so let P a i i j H D 0 be a nontrivial dependence relation. We may suppose that a 1 6 D 0.
The hypothesis that H G D G implies H cannot be in the kernel of 1 , and we let Â 6 D 1 H be an irreducible constituent of 1 j H . Notice that .Â G ; i / D 0 for all i 2 as all the constituents of Â G have degree 1 .1/ and none of the characters i for i 2 have this degree. By Frobenius reciprocity .Â; i j H / D 0 for i 2, and of course .Â; 1 j H / 6 D 0. Forming the inner product of the left hand side of the dependence relation with Â now yields the contradiction:
Lemma 3.3. Let S Â Irr.G/ be a proper nonempty subset of Irr.G/, and let V be the vector space of class functions spanned by S. Suppose H is a proper subgroup of G satisfying the property that the linear transformation cf.G/ ! cf.G/ given by f 7 ! .f j H / G stabilizes V . Then H contains a nontrivial normal subgroup of G.
Proof. Let L W cf.G/ ! cf.G/ denote the map f 7 ! .f j H / G . We are assuming that H < G, but we must also have H 6 D 1 as otherwise L.V / consists of multiples of the regular character of G, and these do not belong to V as S 6 D Irr.G/.
Clearly L is diagonalizable, as the characteristic functions of the conjugacy classes of G form a basis of eigenvectors. Therefore the restriction of L to V is also diagonalizable.
and it follows that D jG W H j as f .1/ 6 D 0. We also know that f cannot be a multiple of the regular character of G as S is a proper subset of Irr.G/. Therefore there exists x 2 G with x 6 D 1 so that f .x/ 6 D 0. Let S D ¹g 2 G W gxg 1 2 H º so that, using D jG W H j and the usual formula for induction of class functions again,
As f .x/ 6 D 0, we conclude S D G, which means that the entire conjugacy class of x is contained in H . This class generates a nontrivial normal subgroup of G included in H , as desired.
Proposition 3.4. Assume .G; H / satisfies Hypothesis ( ) where 1 < H < G and core G .H / D 1. If p is a prime divisor of jH j, then G has no defect 0 characters with respect to p.
Proof. Let S D ¹ 2 Irr.G/ W has p-defect 0º and suppose S 6 D ¿. Clearly, we have 1 G 6 2 S so S is a proper subset of Irr.G/. Fix 2 S and notice that vanishes at all p-singular elements of H and so H cannot be in the kernel of . Therefore, we may select Â 2 Irr.H / so that Â Ä j H with Â 6 D 1 H . Then Ä Â G by Frobenius reciprocity, and so Â G is a sum of characters having the same degree as by Hypothesis ( ). These constituents necessarily lie in S, and this means that the degree of Â G is divisible by jGj p . Therefore the degree of Â must be divisible by jH j p , which means that Â lies in a p-block of H of defect 0. At this point we know that all of the nonprincipal irreducible constituents of j H lie in blocks of p-defect 0. Hence we may write j H D ‚ C m1 H for some integer m, where ‚ is a sum of p-defect 0 characters of H . Now and each irreducible constituent of ‚ vanishes at nontrivial elements of order p of H , and the same must be true of m1 G . This can only happen for m D 0.
The previous two paragraphs show that j H does not contain the principal character 1 H as a constituent for all 2 S. By Hypothesis ( ), each irreducible constituent of j H induces to G to a sum of characters of degree .1/, and hence to a sum of characters of S. Therefore . j H / G is also a sum of characters of S. This is true for all 2 S and so the hypotheses of Lemma 3.3 are satisfied. We conclude core G .H / 6 D 1, which is a contradiction.
We now have in place all the necessary preparations to show that if G is a nonabelian simple group, then the only subgroups H satisfying Hypothesis ( ) are H D 1 and H D G. If G is a simple group of Lie type, then p-blocks of defect 0 exist in G for all primes p (Michler [8] , Willems [10] ). By Proposition 3.4, jH j cannot be divisible by any prime, so H D 1, which is a contradiction.
To eliminate the alternating groups we use an elementary result about prime numbers that is only slightly more general than Bertrand's Postulate (and whose proof is only a slight modification of this result). Recall that Bertrand's Postulate asserts that for any real x 1 there exists at least one prime in the interval .x; 2x. The generalization that is used here is that two such primes may always be found when x 11=2. (Of course one consequence of the Prime Number Theorem is that any fixed number of primes may be found in this interval if x is sufficiently large.)
Assume G D A n , the alternating group on n letters. Notice A 5 Š PSL 2 .5/ and A 6 Š PSL 2 .9/ are groups of Lie type and so have already been eliminated. Therefore we may assume n 7.
Let p be the largest prime that is at most n 2 and select a p-cycle g in A n . Notice p D 5 when 7 Ä n Ä 8 and p D 7 when 9 Ä n Ä 12. When n 13, there are at least two primes in the interval ..n 2/=2; n 2, and so we conclude that .n C 2/=2 < p Ä n 2. These inequalities guarantee that all p-cycles are conjugate in A n , and 2.p 1/ > n 1, and these facts are also true for the primes selected when 7 Ä n Ä 12. In particular, in any faithful representation of A n of degree n 1, the p 1 primitive pth roots of unity all appear with multiplicity 1 as eigenvalues of .g/. Since the sum of these primitive roots equals 1, the trace of .g/ is the positive integer . 1/ C .n 1/ .p 1/ D n p 1. (Since n 7, there is only one irreducible representation of this degree, but this fact is not needed.)
Let be the nonprincipal irreducible constituent of the permutation character of A n in its natural action on n points so that has degree n 1. Since H > 1, the restriction j H contains a nonprincipal constituent, and let Â be one of these. By Hypothesis ( ), Â A n is a sum of irreducible characters of degree n 1, and by the results of the last paragraph, these all take on the value n p 1 6 D 0 at the p-cycle g. Therefore Â A n .g/ D m.n p 1/ for some positive integer m.
By work completed by A. Granville and K. Ono [6] ,
Assume finally G is one of the twenty-six sporadic simple groups. Character tables of all of these groups may be found in the Atlas [1] , and we freely make use of this here.
If p is a prime divisor of jH j, then by Proposition 3.4, G does not have a block of defect 0 for the prime p. However, p-blocks of defect 0 do exist for all primes for sixteen of the sporadic simple groups, and so these are eliminated. For each of the remaining ten groups, let denote the set of prime divisors p of jGj for which G has no p-block of defect 0, and let k .G/ be the number of conjugacy classes of G consisting of -elements (elements of order divisible by primes occurring only in ). These remaining ten groups, together with , jcd.G/j and k .G/ are listed in the 
However, this contradicts the data appearing in the last two columns of the table above.
All finite simple groups have now been eliminated. Proof. We may assume that H 6 D 1 as otherwise there is nothing to prove. Then H cannot be normal in G as core G .H / D 1. Let N be a maximal normal subgroup of G and assume H 6 Â N . If N Ä H , then N must be trivial since core G .H / D 1. But then G is a simple group, necessarily nonabelian as H is not normal, and this contradicts Theorem 3.5. Therefore N 6 Â H and so H < NH . Moreover, NH < G by Lemma 3.1. It follows that .G=N; HN=N / satisfies Hypothesis ( ) where G=N is simple and HN=N is a nontrivial proper subgroup. But this contradicts Theorem 3.5 again.
We are now ready to prove Theorem A.
Proof of Theorem A. Notice that the pair .G=core G .H /; H=core G .H // satisfies Hypothesis ( ) and H=core G .H / is core-free in G=core G .H /. Therefore Proposition 3.6 applies in the group G=core G .H /, and we conclude that H is included in every maximal normal subgroup of G containing core G .H /. Therefore, H G is a proper normal subgroup of G. Finally, the pair .G; H G / satisfies property ( ) by Corollary 2.5.
The case H < G 0
Since nothing can be said about the subgroup H if .G; H / satisfies Hypothesis ( ) and H includes G 0 , we study the case H < G 0 , where of course we assume H has property ( ) in G.
Lemma 4.1. If G is a nonabelian simple group, then there exists a nonprincipal irreducible character of G which extends to Aut.G/.
Proof. If G is a group of Lie type, then the Steinberg character extends to Aut.G/ (see for example [9] , as well as the remarks following this proof). Notice that the alternating group A 6 D PSL 2 .9/ is a group of Lie type, and so is covered by this argument.
If G is a sporadic simple group or an alternating group A n with n 6 D 6, then the outer automorphism group of G is cyclic of order at most 2. Therefore any invariant character of G will extend to Aut.G/. Reading the formula
modulo 2 already implies (by pairing off noninvariant characters in the sum) the existence of invariant characters, of odd degree even, when jOut.G/j D 2.
We mention that in the Lie group case of Lemma 4.1, characters other than the Steinberg character may be found satisfying the conclusion of that lemma. One extendability criterion that might be used (the main result of [5] ) is the fact that if N E G and 2 Irr.N / is G-invariant and satisfies .jG W N j; jN j= .1// D 1, then extends to G. Since extendability of to G holds if and only if extends to H for all Sylow subgroups H=N of G=N ([7, Corollary 11.31]), the criterion above together with [7, Corollary 6 .28] imply the following extendability result: If N E G is perfect, the G-invariant character 2 Irr.N / extends to G if for each prime divisor p of jG W N j either .p; .1// D 1 or has p-defect 0. Of course, this is especially suited for the Steinberg character in groups of Lie type as this character is invariant under the action of the automorphism group, has degree divisible by a single prime, and has defect 0 with respect to this prime.
A variation of Lemma 4.1 may be found in [2] , where in fact a pair of extendable characters (in the non-Lie group case) are found having coprime degrees. Proposition 4.2. Let K be a direct product of isomorphic nonabelian simple groups. Then there exists a nonprincipal character of K which is extendible to the group Aut.K/.
T where T is a nonabelian simple group and set G D Aut.K/. If A is the automorphism group of T , then G is the wreath product S n o A where S n is the symmetric group on n letters acting on the base group A n D A A A by permuting the n direct factors. We shall denote by T 1 D T 1 1 and A 1 D A 1 1 the first direct factor of T n and the base group A n respectively. By Lemma 4.1, there exists a nonprincipal character˛2 Irr.T 1 / which extends to a characterˇ2 Irr.A 1 /. Now the centralizer C of A 1 in G has the form C D S n 1 Ë .1 A A/ while its normalizer is the internal direct product A 1 C D A 1 C . Thereforeˇhas a unique extension to a character of A 1 C , say Â , with C Ä ker Â. The subgroup A 1 C has index n in G, so the tensor induced character D Â˝G has degree Â.1/ n . The restriction of to A n has the form j A n Dˇ ˇ ˇ, and so its restriction to T n is j T n D˛ ˛ ˛. Thus, the character is an extension of the irreducible character˛ ˛ ˛of K D T n , and this completes the proof of Proposition 4.2. (The construction of tensor induced modules was given in 1967 by E. C. Dade (see [3, pp. 180-181] ) and was independently discovered by A. Dress [4] Theorem 4.3. Let H be a normal subgroup of the group G and assume that H is nonsolvable. Then there exists a nonprincipal character Â 2 Irr.H / which has an extension to a character of G.
Proof. Select L Ä K Ä H with L and K normal in G so that K=L is a nonsolvable chief factor of G. Clearly, if K=L has a nonprincipal irreducible character that is extendible to G, then so does H . Without loss then, we may assume H D K and L D 1.
Set C D C G .K/, and notice that KC is the internal direct product K C so that each character of K extends to a unique character of KC with kernel containing C . We now have that KC =C is a normal subgroup of G=C where G=C itself is isomorphic to a subgroup of Aut.KC =C / Š Aut.K/. Proposition 4.2 now shows that some irreducible character of K extends to Aut.KC =C /, and so it certainly extends to the subgroup corresponding to G=C .
We are now ready to provide a proof of Theorem B.
Proof of Theorem B. By Corollary 2.5, .G; H G / satisfies property ( ) so without loss we may assume H is normal in G. By hypothesis, H < G 0 .
Suppose that H is nonsolvable. By Theorem 4.3, there exists Â 2 Irr.H / which is extendible to G. But .G; H / has property ( ), so every irreducible constituent of Â G is an extension of Â. This forces all irreducible characters of G=H to be linear and so G 0 Ä H . But this contradicts H < G 0 .
Examples and concluding remarks
In view of Lemma 2.1 and Proposition 2.2, the interesting examples of when the pair .G; H / satisfies Hypothesis ( ) occur when H < G 0 . The following proposition is useful in constructing such examples.
Proposition 5.1. If G is any group with a normal subgroup H such that T =H is abelian whenever T is the inertia group of any nonprincipal character of H , then .G; H / satisfies Hypothesis ( ).
Proof. Fix an irreducible character, say˛, of H and let T be its inertia group in G. Lemma 2.1 shows that H has property ( ) in T so all of the irreducible characters of T lying over˛have the same degree. These characters all induce to irreducible characters of G having the same degree, and these are all the characters of G lying over˛by Clifford's theorem.
Proposition 5.1 applies to any Frobenius group G where H is the Frobenius kernel. In the notation of the proposition, T =H is trivial, and so certainly is abelian, and .G; H / satisfies Hypothesis ( ). Since the group SL 2 .5/ occurs as a Frobenius complement, the group G=H need not be solvable. Notice that when the Frobenius kernel H is abelian, then it is easy to see that any subgroup of H also has property ( ) in G. In fact, when the Frobenius kernel H is nonabelian, any subgroup of H which includes the commutator subgroup H 0 has property ( ) in G. This produces nonnormal examples of subgroups having property ( ), although each of these are subnormal.
Proposition 5.1 also applies when H Ä N E G where N is a Frobenius group with kernel H and G=N is abelian, as then T =H is abelian if T is the inertia group of any nonprincipal character of H . Examples like this are easy to construct: if F 0 Ä F is any extension of finite fields, let M be any nontrivial subgroup of the multiplicative group of nonzero elements of F , and A the Galois group of F over F 0 . Then the semidirect product AM acts on the additive group F so that the further semidirect product G D AMF may be formed. The subgroup N D MF is a Frobenius subgroup with abelian factor group G=N , and it follows that the subgroup H D F has property ( ) in G.
The symmetric group S 4 is just such an example as in the last paragraph where H D K 4 (the normal Klein 4-subgroup) has property ( ) in S 4 . In fact, it is easy to check that the subgroups of S 4 having property ( ) are exactly the subnormal subgroups of S 4 .
The next result provides examples of "arbitrarily complicated" nilpotent normal subgroups satisfying property ( ) that are properly included in the commutator subgroup.
Proposition 5.2. If K is a finite nilpotent group, then there exists a group G and a nilpotent normal subgroup H satisfying the following: (a) .G; H / satisfies Hypothesis ( ), (b) H < G 0 , (c) K embeds as a subgroup of H .
Proof. We shall denote by U n .p m / the p-group consisting of upper triangular n n-matrices over the field GF.p m / of p m elements. If ¹p 1 ; : : : ; p k º is the set of prime divisors of jKj, choose n i large enough so that the Sylow p i -subgroup, say P i , of K embeds in U n i .p i /. For at least one value of i , say i D`, increase n`if necessary so that the embedding P`! U n`. p`/ lies in the kernel of the homomorphism 1;2 W U n`. p`/ ! GF.p`/ which is projection onto the 1; 2-entry. Clearly K embeds as a subgroup of the direct product U D Q i U n i .p m i /. Next, choose a prime q different from any of the p i and satisfying q max¹n 1 ; : : : ; n k º. Let C q D hgi denote the cyclic group of order q, and for each i let m i be the order of p i in the multiplicative group of units of the ring of integers modulo q. Therefore, the field GF.p m i i / contains a primitive q-th root of unity, say i , and C q acts on U so that the generator g acts as conjugation by the diagonal matrix diag.1; i ; 2 i ; : : : ;
/ on the i -th direct factor U n i .p m i /. By the choice of q, this action by C q is fixed-point-free so that the semidirect product G D UC q is a Frobenius group with kernel U .
Let us observe that the homomorphism 1;2 W U n`. p`/ ! GF.p`/ extends to U n`. p m`/ ! GF.p m`/ and then inflates to a map U ! GF.p m`/ which we continue to denote by 1;2 . Set H D ker. 1;2 /. By our construction H is a normal subgroup of G satisfying U 0 Ä H < U , so H has property ( ) in G by the remarks following Proposition 5.1. Also by construction K embeds in H , and all parts of Proposition 5.2 are now verified. Nonnilpotent examples of normal subgroups H satisfying the conclusion of Theorem B exist, and we close by giving a family of examples of these.
Let p be an odd prime and let C p denote a cyclic group of order p. Select a nontrivial subgroup M of Aut.C p / and let e G D C p o .M C p / be the wreath product of the semidirect product M C p with C p . Therefore, the base group e N of e G is the direct product e N D M C p M C p of p copies of M C p which are cyclically permuted by a cyclic group P of order p. Set V D O p . e N / D C p C p and define N to be the subgroup of e N containing V satisfying N=V D OE e N =V; P and set G D NP . Note that P acts fixed-point-freely on N=V so that G=V D NP =V is a Frobenius group with kernel N=V .
We now check that the pair .G; H / satisfies Hypothesis ( ) for all subgroups H of N containing V . Let H be such a subgroup and fix˛2 Irr.H / with˛6 D 1 H . If V Ä ker˛, then˛is a linear character so˛N is the sum of jN W H j extensions of˛to N , and each of these induces irreducibly to G to a character of degree jG W N j D p as N=V is the Frobenius kernel of G=V . Thus˛G is a sum of (not necessarily distinct) irreducible characters of degree p.
Suppose then V 6 Â ker˛and let 2 Irr.V / be a constituent of˛j V . Let T be the inertia group of in G. If T =V is abelian, then T is a sum of characters of equal degree (by Lemma 2.1), and the same must be true of G (Clifford's theorem) as well as˛G, as˛G is a subcharacter of G . It remains only to check that T =V is abelian. This certainly is true if p − jT =V j as then T =V is a subgroup of the abelian group N=V , so we assume p divides jT =V j. Replacing by a conjugate if necessary, we may assume that P Ä T so that has the form 2 Irr.V /. But then no nonidentity element of M M M (and hence of N V ) can fix this character, and we conclude T =V is cyclic of order p.
At this point we know any subgroup H with V Ä H Ä N satisfies property ( ). Since G 0 D N and H is not nilpotent when H 6 D V , any normal subgroup H satisfying V < H < N will be a nonnilpotent example illustrating Theorem B. Such a normal subgroup can always be found if the subgroup M Ä Aut.P / has composite order, or when jM j D q is a prime for which p is not a Zsigmondy prime divisor of q p 1 1 (so that P does not act irreducibly on N=V ). Clearly, M can always be chosen of composite order when p > 3.
We end this paper with two questions. Bibliography
